Let G be a finite group. Recall that a group H is a covering group (or a representation group) of G if there exists a normal subgroup M ⊳ H such that (i) and (iii) |H| is maximal among the groups satisfying (i) and (ii). Covering groups exist, they need not be unique, but the kernel M is determined uniquely up to isomorphism, and is termed the Schur multiplier M (G) of G (for proofs of these, and later, statements about covering groups, see [Hu, section V.23], or [Wi]).
Theorem 1. Let G be a finite group, and let H 1 , ..., H n be its covering groups. Then
Proof. Let d = d(G) be the minimal number of generators of G, and let G have k generating d-tuples. Let F be a free group of rank d, then there are k homomorphisms from F onto G. It is easy to see (and well known) that two such epimorphisms, φ and ψ, have the same kernel iff one is obtained from the other by composing with an automorphism of G, and therefore there are k |Aut(G)| normal subgroups R⊳F such that F/R ∼ = G [H1]. Let R be one of these normal subgroups, and write
is the torsion subgroup of U , and if S/[R, F ] is a complement to M in U , then F/S is a covering group for G, with kernel M . All covering groups of G are obtained in this way. The number of complements to M in U is |M | d , therefore the number of subgroups S ⊳ F such that F/S is a covering group of G is
On the other hand, let H be any covering group of G, with kernel M . Then
Thus the number of S such that F/S ∼ = H is Equalities of this form, the sum of reciprocal orders of several automorphism groups equals the reciprocal order of one automorphism group, were discussed by P.Hall in [H3] . In [H2] he relates them to the notion of isoclinism. Two groups G and H are isoclinic, if they have the same commutator function. In precise terms, if there exist isomorphisms φ : G/Z(G) → H/Z(H) and θ :
Isoclinism is an equivalence relation. The set of all finite groups belonging to an isoclinism equivalence class
Typeset by A M S-T E X is said to be a family. Let F be a family, and G ∈ F . An autoclinism of F is an isoclinism of G with itself, i.e. a pair of automorphisms φ : G/Z(G) → G/Z(G) and θ : G ′ → G ′ , which satisfy the above compatibility condition. The set of these autoclinisms form a group, which depends only on F , not on G, and is termed the autoclinism group (or the automorphism group) Acl(F ) (or Acl(G)) of F . It is easy to see that an isoclinism between G and H induces an isomorphism between
the branch factor of G. Hall proved that each family F contains groups whose branch factor is the identity [H2] . Taking direct product with any finite abelian p-group Q shows that there are groups in F with branch factor Q, and the set of all these groups is the Q-branch F Q of the family. Hall states, without proof, the following identity
A proof was given in [RT] and [Ta] , applying the notion of strong isoclinism. Two groups G and H are strongly isoclinic, if there exist isomorphisms φ :
It is clear that strongly isoclinic groups are isoclinic and belong to the same branch. If Φ is a strong isoclinism equivalence class, and G ∈ Φ, the strong isoclinisms from G to itself form the strong autoclinism group Scl(Φ) (or Scl(G)) of Φ, which is an invariant of Φ. In [Ta] it is proved that if Φ is a strong isoclinism class, then
There are cases in which the formulas (C) and (T) coincide. We need two more notions. A group G is a capable group, if it is isomorphic to the central factor group K/Z(K) of some group. Each group contains a characteristic subgroup Z * (G), the epicentre of G, such that the factor group G/Z * (G) is capable, and if N ⊳ G and G/N is capable, then Z * (G) ≤ N . Naturally Z * (G) ≤ Z(G), and G is capable iff Z * (G) = 1. Also, if H is a covering group of G, with kernel M , then, writing
Theorem 2. Two covering groups of the same group are strongly isoclinic. Conversely, if Z * (G) ∩ G ′ = 1, then a group that is strongly isoclinic to a covering group of G is itself a covering group for G. In that case, if H covers G, then Scl(H) = Aut(G).
Proof. Let H and K be covering groups of G, with kernels N and M , respectively. The proof in [JW] that H and K are isoclinic produces an isomorphism between the two factor groups, H/N and K/M , which induces isomorphisms
, and thus it is a strong isoclinism. Next, assume that Z * (G) ∩ G ′ = 1, let H be a covering group of G, with kernel N , let K be strongly isoclinic to H, and write
, and since |K| = |H|, K is also a covering group of G.
Thus, if Z * (G)∩G ′ = 1 and H is a covering group of G, then the left hand sides of (C) and (T) coincide, therefore |Scl(
, and thus equality holds. Problem 2.3 of [JW] asks, when is a group K, which is isoclinic to and of the same order as H, a covering group of G, also a covering group of G. The second claim of Theorem 2 gives a partial answer.
Example 1. A group may be strongly isoclinic to a covering group H of G, without being itself a covering group of G. Possibly the simplest example is afforded by the two non-abelian groups of order p 3 . They are strongly isoclinic, but one of them is its own covering group (the quaternion group if p = 2, and the metacyclic one for an odd p), and naturally the other one does not cover it.
Example 2. There are groups G with a covering group H, such that all the groups that are strongly isoclinic to H are also covering groups of G, but Z * (G) ∩ G ′ = 1. We start with a perfect group S with a trivial centre and a multiplier of order 2 (many of the finite simple groups have these properties). Since S is perfect, it has a unique covering group, say G. By Theorem 2, any group that is strongly isoclinic to G is also a covering group of S, and thus it is isomorphic to G. Now Thus H = G, i.e. G is its own unique covering group and the only group strongly isoclinic to itself, but Z * (G) ∩ G ′ = Z(G) = 1.
